A mixture of two kinds of identical bosons, species 1 with N 1 bosons of mass m 1 and species 2 with N 2 bosons of mass m 2 , held in a harmonic potential of frequency ω and interacting by harmonic intra-species and inter-species particle-particle interactions of strengths λ 1 , λ 2 , and λ 12 is discussed. This is an exactly-solvable model of a generic mixture of trapped interacting bosons which allows one to investigate and determine analytically properties of interest. For a start, closed form expressions for the frequencies, ground-state energy, and wave-function of the mixture are obtained and briefly analyzed as a function of the masses, numbers of particles, and strengths of interactions. To prove Bose-Einstein condensation of the mixture three steps are needed. First, we integrate the all-particle density matrix, employing a four-parameter matrix-recurrence relations, down to the lowest-order intra-species and inter-species reduced density matrices of the mixture.
I. INTRODUCTION
Mixtures of Bose-Einstein condensates made of ultra-cold quantum gases and their physical properties have attracted much attention in the past twenty years, see for example .
The ground state of trapped mixtures has been studied both at the mean-field level (within Gross-Pitaevskii theory) and by different many-body theoretical and numerical tools. Unlike their older sibling -Bose-Einstein condensates made of a single species -for which there have been rigorous results connecting in the infinite-particle limit the many-body and mean-field expressions for the energy per particle, density per particle, and providing proof of 100% Bose-Einstein condensation in the ground state [27, 28] , there are to the best of our knowledge no such results for trapped mixtures.
To address this topic, we present an exactly-solvable model of a generic mixture of trapped interacting bosons which allows one, for a start, to compute analytically the energy and wave-function of the mixture for any number of particles. From there, and with some effort as we shall see below, intra-species and inter-species reduced density matrices are computed and analyzed. This allows us to get concrete results in the infinite-particle limit (when the products of the number of particles times the intra-species and inter-species interaction strengths are held fixed) on the energy per particle, intra-species and inter-species reduced density matrices per particle, and to prove Bose-Einstein condensate of each of the species.
By solving analytically for the ground state at mean-field level (within Gross-Pitaevskii theory), we are also able to compare in the infinite-particle limit the many-body and meanfield results. For a mixture there is a nice twist on the infinite-particle limit, which may be taken with respect to both species or with respect to one of them. The conclusions from both infinite-particle-limit procedures are compared and contrasted.
The model we present for the mixture is that of two species of indistinguishable bosons, species 1 with N 1 bosons of mass m 1 and species 2 with N 2 bosons of mass m 2 , held in a harmonic potential of frequency ω and interacting by harmonic intra-species and interspecies particle-particle interactions of strengths λ 1 , λ 2 , and λ 12 , respectively. This is the harmonic-interaction model for trapped bosonic mixtures. The harmonic-interaction model for identical particles has been widely used for single-species bosons [29] [30] [31] [32] [33] [34] [35] , fermions [33] [34] [35] [36] [37] , and un-trapped (i.e., translationally-invariant) bosonic mixtures [38] [39] [40] . Most recently, we were able to solve a specific case of the harmonic-interaction model for trapped mixtures, a trapped symmetric mixture for which N 1 = N 2 , m 1 = m 2 , and λ 1 = λ 2 , and showed that the energy per particle and densities per particle (i.e., the diagonal of reduced density matrices per particle) converge in the infinite-particle limit to their mean-field analogs [41] . To treat the general mixture with unequal numbers of particles, masses, and interaction strengths, and especially to derive its reduced density matrices and prove Bose-Einstein condensation, it is needed to generalize the analytical techniques developed by Cohen and Lee [29] for single-species bosons and extended in [41] for the symmetric mixture substantially further, which is done below.
The structure of the paper is as follows. In Sec. II we present the harmonic-interaction model for a generic trapped mixture of bosons and discuss its ground-state energy and wavefunction. In Sec. III we construct explicitly the lowest-order intra-species and inter-species reduced density matrices of the mixture, solve analytically the two-coupled Gross-Pitaevskii equations, perform the infinite-particle limit in which the many-body and mean-field results are compared, and prove Bose-Einstein condensation. Concluding remarks are provided in Sec. IV. Further details of the derivations are collected in the appendixes.
II. THE HARMONIC-INTERACTION MODEL FOR TRAPPED BOSONIC MIX-TURES
Consider a mixture of two distinguishable types of identical bosons which we label 1 and 2. The bosons are trapped in a three-dimensional isotropic harmonic potential of frequency ω and interact via harmonic particle-particle interactions. In the present work we only deal with the ground state of the trapped mixture. We treat the case of a generic mixture.
Namely, a mixture consisting of N 1 bosons of type 1 and mass m 1 and N 2 bosons of type 2 and mass m 2 . The total number of particles is denoted by N = N 1 + N 2 . Furthermore, the two intra-species interaction strengths are denoted by λ 1 and λ 2 , and the inter-species interaction strength by λ 12 . Positive values of λ 1 , λ 2 , and λ 12 mean attractive particleparticle interactions whereas negative values imply repulsive interactions [42] .
The Hamiltonian of the mixture is then given by ( = 1)
Here, the coordinates x j denote bosons of type 1 and y k bosons of type 2. We work in
Cartesian coordinates where the vector x = (x 1 , x 2 , x 3 ) denotes the position of a boson of type 1 in three dimensions, and
its momentum. To avoid cumbersome notation, we denote
and
. Analogous notation is employed for the vector y of a boson of type 2.
To diagonalize the Hamiltonian (1) we transform to the Jacoby coordinates [40] Q k = 1
The meaning of (2) is as follows: The first group of N 1 −1 coordinates are relative coordinates of the bosons of species 1; the second group of N 2 − 1 coordinates are relative coordinates the bosons of species 2; Q N −1 can be seen as a relative coordinate between the center-ofmass of the species 1 and the center-of-mass of the species 2 bosons; and, finally, Q N is the center-of-mass coordinate of all particles in the mixture.
Using (2) and (A2)-(A4) in Appendix A, the Hamiltonian (1) transforms to the diagonal
The transformed Hamiltonian of the mixture (3) is that of N uncoupled harmonic oscillators having the four masses m 1 , m 2 , M 12 (relative mass of the mixture), and M (total mass of the mixture), and four frequencies
,
The multiplicity of the frequencies is N 1 − 1, N 2 − 1, 1, and 1, respectively, corresponding to the types and numbers of Jabobi coordinates [43] .
The frequencies (4) must be positive in order for a bound solution to exist. This dictates bounds on both the intra-species λ 1 and λ 2 and inter-species λ 12 interactions which are:
The meaning of these bounds are as follows: The inter-species interaction λ 12 is bounded from below by the frequency of the trap and the relative mass, irrespective of the intra-species interactions λ 1 and λ 2 , otherwise the mixture cannot be trapped in the harmonic potential.
On the other hand, the intra-species interaction λ 1 is limited by the chosen inter-species interaction λ 12 , the numbers of particles, and the mass m 1 , and analogously λ 2 .
We can now proceed and prescribe the normalized ground-state wave-function
Mω π
along with the ground-state energy
of the trapped mixture [44] . Using the bounds for λ 1 , λ 2 , and λ 12 in (5), we obtain that the ground-state energy of the mixture is bound from below by E > 3 2 ω, which is obtained
and Ω 12 → 0 + . This means that all relative degrees of freedom are marginally bound, and essentially only the center-of-mass degree of freedom is bound in the harmonic trap. The system is then predominantly repulsive. At the other end, when the mixture is predominantly attractive, the energy is unbound from above.
To express the wave-function with respect to the original spatial coordinates we use relations (A5) and find
where the parameters are
The ground-state wave-function of the mixture (8) is seen to be comprised of a product of a type 1 boson part, a type 2 boson part, and a coupling 1-2 part. As required by indistinguishability of identical bosons, Ψ is symmetric to permutation of the coordinates x j and x k of any two 1 type bosons, and likewise symmetric to permutation of the coordinates y j and y k of any two 2 type bosons, but is not symmetric to permutation of the distinguishable 1 and 2 type bosons.
The harmonic-interaction model for a generic trapped mixture of interacting bosons presented above admits a wealth of properties that can all be studied in principle analytically.
After all, the ground-state wave-function and energy are given as explicit simple functions of all parameters -masses m 1 and m 2 , numbers of particles N 1 and N 2 , interactions strengths λ 1 , λ 2 and λ 12 , and trapping frequency ω. All quantum properties of the mixture can be computed from its wave-function, although, as we shall see in the next section, not necessarily without some effort.
III. REDUCED DENSITY MATRICES AND PROOF OF BOSE-EINSTEIN CON-

DENSATION
To show that the individual species are Bose-Einstein condensed three steps are required.
The first, the computation of the intra-species reduced one-particle density matrices. To discuss the complementary question of separability requires the inter-species reduced twobody density matrix. These are calculated analytically in Sec. III A as a function of the masses, interaction strengths, and numbers of particles. The second step is to solve, again analytically, the system at the mean-field level. This means finding the solution to the twospecies coupled Gross-Pitaevskii equations. This is performed in Sec. III B. The third and final step is to perform the infinite-particle limit and to compare and contrast the exact and mean-field solutions in this limit, which is carried out in Sec. III C. In a mixture one can perform the infinite-particle limit with respect to the two species or with respect to one of the species. We will discuss and compare both infinite-particle-limit procedures below.
A. The intra-species and inter-species reduced density matrices
We start from the full N-particle density matrix of the mixture,
which for convenience is here normalized to one,
The intra-species reduced one-body density matrices of the mixture,
are given by integrating over N − 1 coordinates, and the inter-species reduced two-body density matrix
which is the lowest-order inter-species reduced density matrix of the mixture, is obtained by
To obtain the lowest-order reduced density matrices (11) and (12) we need to perform multiple integrations of the N-particle density matrix of the mixture (10) . Moreover, the latter contains a coupling 1-2 part because of the inter-species interaction. Thus, without an appropriate construction, the task becomes quickly impractical with increasing N 1 and N 2 . Below, to perform the integration, we derive a four-parameter matrix-recurrence relations, thus generalizing the one-parameter and two-parameter vector-recurrence relations put forward, respectively, in the cases of the single-species [29] and symmetric-mixture [41] harmonic-interaction models.
To integrate the N-particle density matrix we begin by introducing the auxiliary function
where α 1 , β 1 , α 2 , and β 2 , are given in (9) ,
are vectors [45] , and
are constants to play a further role below. We note that if one were to equate the N-particle density (10) and the auxiliary function F N 1 ,N 2 then this would imply that
We will perform the integration of the auxiliary function F N 1 ,N 2 in two steps, first by inte-
We shall call the first step the horizontal reduction of the auxiliary function F N 1 ,N 2 and the second step the vertical reduction. The sequences of integrations to be performed below may be written symbolically as
The end terms of these integrations, F 1,1 and F 1,0 , F 0,1 , will be connected with the reduced density matrices (12) and (11), respectively.
Thus, to perform the multiple integration steps in the horizontal reduction (16), we seek for a recurrence relation and write
where the Gaussian integral dye −ay 2 −2by·X = π a 
, to the auxiliary function F N 1 ,N 2 −1 of the same functional form, with N 1 +(N 2 −1)
coordinates and corresponding constants
which depend on all constants appearing in F N 1 ,N 2 and read
Recall that the initial values of
are given by (15) and obtained when we equate the auxiliary function F N 1 ,N 2 and the N-body density (10).
According to (16) , the horizontal reduction makes a 'stopover' at the auxiliary function
Its respective constants,
, are required as initial conditions for the vertical reduction en route to evaluate the inter-species reduced density matrix of the mixture (12) . Note that the dependence of F N 1 ,1 on β 2 is now implicit, representing the situation that all but the last boson of type 2 are integrated out. The final result for the constants is
where the initial conditions (15) have been used, see appendix B for further details.
We can now perform the vertical reduction of F N 1 ,1 where (20) serve as the initial condi-tions for the constants to be computed. Thus we seek for a recurrence relation
where
The relations between the constants in the vertical reduction (22) are seen to be analogous to the relations between the constants in the horizontal reduction (18), see appendix B for further details.
Thus, combining and interchanging the order of both horizontal and vertical reductions, the integration of F N 1 ,N 2 (16) ends with the auxiliary functions
Because F N 1 ,N 2 with the initial conditions (15) is proportional to the N-particle density matrix (10), F 1,1 is proportional to the inter-species reduced density matrix (12) , and similarly F 1,0 and F 0,1 to the intra-species ones (11). The final expressions for the constants in
and for the constants in F 1,0 and F 0,1 are
The explicit dependence of the bottommost constants (24) and (25) on C N 1 ,1 in (20) and
is to remind us that both horizontal and vertical reductions have been combined to evaluate the former, see appendix B for further details. All in all, the inter-species (12) and intraspecies (11) reduced density matrices read
For completeness, we paste below their diagonal parts, i.e., the two-body
and one-body
densities. Summarizing, we have derived closed-form expressions for the (lowest-order) intraspecies and inter-species reduced density matrices of a generic model of a trapped mixture of interacting bosons.
B. Solution of the harmonic-interaction model for trapped mixtures at the meanfield level
At the other end of the exact, many-body treatment of the harmonic-interaction model for trapped mixtures lies the Gross-Pitaevskii, mean-field solution. In the mean-field theory the many-particle wave-function is approximated as a product state, where all the bosons of species 1 lie in one orbital φ 1 (x) and all the bosons of species 2 lie in another orbital φ 2 (y).
Thus, the mean-field ansatz for the mixture is the product wave-function
The Gross-Pitaevskii energy functional of the mixture reads
where the mean-field interaction parameters are given by
Λ 12 = λ 12 N 1 , and Λ 21 = λ 12 N 2 and satisfy N 1 Λ 21 = N 2 Λ 12 . We denote hereafter ε GP = E GP N as the total mean-field energy of the mixture divided by the total number of particles N = N 1 + N 2 . Minimizing the energy functional (32) with respect to the shapes of the orbitals φ 1 (x) and φ 2 (y), the two-coupled Gross-Pitaevskii equations of the mixture are derived,
where µ 1 and µ 2 are the chemical potentials of the species, see appendix C.
The solution of (33) follows a similar strategy as for the single-species [29] and symmetricmixture [41] harmonic-interaction models. Expanding the interaction terms in (33) we find
where, since φ 1 (x) and φ 2 (y) are even functions (see below), there are no linear in x, y terms in (34) . A particular solution of (34) are the following (interaction-dressed) Gaussian functions [46] 
We can now compute the mean-field energy per particle ε GP which reads
is used. Of course, the many-body energy (7) is always lower than the mean-field energy because of the variational principle.
We now discuss the reduced density matrices at the mean-field level. The Gross-Pitaevskii wave-function reads
From (37) we have
for the reduced one-body density matrices and
for the inter-species reduced density matrix. Quite generally and as might have been expected, for mixtures with a finite number of particles, the mean-field reduced density matrices (38) and (39) differ from their many-body counterparts (28) and (27) . The intra-species reduced density matrices are factorized to products of Gross-Pitaevskii orbitals, and the inter-species reduced density matrix is factorized to product of Gross-Pitaevskii intra-species reduced density matrices. This concludes our derivation of the mean-field solution of the harmonic-interaction model for trapped mixtures.
C. The infinite-particle limit
We are now in the position to put together the above two sections, and investigate the energy and reduced density matrices per particle of the mixture at the infinite-particle limit, and how these quantities are connected in this limit with the Gross-Pitaevskii solution of the mixture. Interestingly, for a mixture we can discuss separately two such limits, hereafter referred to as the two-species infinite-particle limit and the one-species infinite-particle limit.
In the first, the numbers of particles of both species are taken to infinity whereas in the second the number of particles of one of the species is taken to infinity and the number of particles of the second species remains fixed and finite (in both limits interaction parameters are held fixed, the precise way is discussed below). This is unlike the case of the single-species and symmetric-mixture harmonic-interaction models. We compare and contrast the properties of the mixture in the two limits. We start with the two-species infinite-particle limit.
1. The two-species infinite-particle limit
In the two-species infinite-particle limit, namely for N 1 → ∞ and N 2 → ∞ and holding the interaction parameters Λ 1 , Λ 2 , Λ 12 , and Λ 21 fixed, we find from (7) that
which establishes the connection between the exact energy per particle and mean-field (Gross-Pitaevskii) energy per particle in this limit for the generic mixture. Like the literature cases of single-species bosons and the symmetric-mixture harmonic-interaction model, the many-body and mean-field solutions coincide in the limit of an infinite number of particles as far as the energy per particle in examined. Note that the two-species limit of an infinite number of particles N → ∞ implies that N 1 → ∞ and N 2 → ∞ such the the ratio
is kept constant. This is since
To discuss the two-species infinite-particle limit for the reduced density matrices we first have to evaluate the limit of relevant quantities. Thus we find for the frequencies (4) lim N →∞
for the parameters (9) of the wave-function
and therefore for the constants (24) and (25) 
In particular, that lim N →∞ D 11 = lim N →∞ D ′ 11 = 0 stems from lim N →∞ γ = 0 and implies that there is no coupling at the level of the inter-species reduced density matrix, see (27) , between the species 1 and 2 in the two-species infinite-particle limit. Combining the above we find
for the reduced one-body density matrices per particle and
for the intra-species reduced density matrix per particle. With this, we have established the 100% condensation of each species in the generic mixture, in the two-species infinite-particle limit. Furthermore, the inter-species reduced density matrix per particle is separable in this limit and given as a product of the intra-species reduced density matrices per particle. Each condensate is described by the Gross-Pitaevskii quantities. This constitutes a generalization for generic mixtures of interacting bosons, at least within the exactly-solvable harmonicinteraction model for trapped mixtures, of what is known in the literature for single-species trapped Bose-Einstein condensates [27, 28] .
2. The one-species infinite-particle limit
Let us discuss what happens in (and how to define) the limit of an infinite number of particles of one of the species, say, species 1. For N 1 → ∞ the interaction parameters
and Λ 12 = λ 12 N 1 are held fixed by diminishing the interaction strengths λ 1 and λ 12 accordingly. Since the number of particles of the second species N 2 is finite (and fixed) the interaction parameter Λ 2 = λ 2 (N 2 − 1) is fixed for constant λ 2 . However,
Thus, we get for the energy per particle in the one-species infinite-particle limit lim
When only species 1 is taken to the infinite-particle limit it naturally becomes dominant over species 2. The energy per particle is that of species 1 only, with apparently no contribution or influence from species 2, and is given by the Gross-Pitaevskii energy per particle of species 1 alone. What happens then with the reduced density matrices?
To discuss the one-species infinite-particle limit for the reduced density matrices we first have to evaluate with some care the limit of the relevant quantities. Now we find for the frequencies (4) lim
for the parameters (9) of the wave-function lim
and consequently for the constants (24) and (25) of the reduced density matrices
where the last equality stems from lim (27) , between the species 1 and 2 also in the one-species infinite-particle limit. Note that the corresponding quantities associated with species 2 do not vanish in the one-species infinite-particle limit, compare (47)- (49) with (41)- (43). Now we can prescribe in the one-species infinite-particle limit the single-particle reduced density matrices per particle,
and the inter-species reduced density matrix per particle,
We find that species 1 is described in this limit by the Gross-Pitaevskii quantity whereas species 2, as might have been expected, is not, implying that species 2 remains correlated.
Interestingly, the inter-species reduced density matrix per particle is separable in this limit, and precisely given by the product of the Gross-Pitaevskii quantity for species 1 and the correlated quantity for species 2, see (50). This is on the account of the last equality in (49).
This concludes our studies of the reduced density matrices of a generic mixture within the harmonic-interaction model for trapped mixtures in the single-species infinite-particle limit.
IV. CONCLUDING REMARKS
Are the different species in the ground state of a trapped bosonic mixture 100% condensed? Are the many-body and mean-field energies per particle of a trapped bosonic mixture equal at the infinite-particle limit? In the present work we answered these and more questions by treating an exactly-solvable model -the harmonic-interaction model for trapped bosonic mixtures.
From the ground-state wave-function of the mixture we have computed the lowest-order intra-species and inter-species reduced density matrices, by generalizing Cohen and Lee [29] recurrence relations for the single-species harmonic-interaction model to a generic mixture.
We have also obtained analytically the Gross-Pitaevskii solution for the ground state of the mixture. Thereafter, by taking the infinite-particle limit with respect to the two species,
we were able to show that each of the species is indeed 100% condensed, and that the many-body and Gross-Pitaevskii quantities for the energy per particle and reduced density matrices per particle coincide in this limit. When the infinite-particle limit is taken with respect to one of the species, only this species becomes 100% condensed, whereas the other species remains correlated. Interestingly, in either of the infinite-particle-limit procedures the intra-species density matrix per particle becomes exactly the product of the intra-species reduced density matrices per particle.
It would be interesting to investigate other properties of the harmonic-interaction model for mixtures presented in the present work, e.g., quantities whose many-body and mean-field descriptions may not coincide in the infinite-particle limit [47, 48] . For finite systems, the model may prove deductive as well, for instance to investigate properties of an impurity made of a few interacting particles embedded inside a larger Bose-Einstein condensate, and to benchmark numerical tools. Opening the braces of the particle-particle interaction terms in (1) and collecting the diagonal contributions together we havê
With the Jacobi-coordinate transformation (2) the harmonic trapping and kinetic energy remain diagonal, since from
we have
Finally, using the quadratic relations
the coupling terms in the Hamiltonian (A1) are diagonalized too, and the ground-state wavefunction transforms from the Jacobi-coordinate to the lab-frame representation, see (6) and (8) .
Appendix B: Further Details of the Solution of the Coupled Recurrence Relations
Within the horizontal reduction of F N 1 ,N 2 , see (16)- (18), the recurrence relations between the corresponding constants are
The recurrence relations (B1) consist of one non-linear relation (for C The recurrence relation for C ′ N 1 ,j has exactly the same structure as the recurrence relation emerging in the integration of the single-species harmonic-interaction model [29] . Making use of this observation and substituting the result into D N 1 ,j and then together into C N 1 ,j , relations (B1) are solved. The final result reads
where the initial conditions for C
in (15) 
Upon substitution we arrive at the final result (24) .
Last are the constants of F 1,0 and F 0,1 . From the recurrence relation
we find and again expressed as a function of the inter-species interaction only.
[44] In the limit of vanishing trapping frequency, ω = 0, the relative-motion part of Ψ, which is built from all relative Jacobi coordinates of the mixture Q 1 , . . . , Q N −1 , and the energy E boil down to those of the mixture in free space [40] .
[45] The relations
between the vectors introduced in (14) hold.
